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In supersymmetric QCD with SU(Nc) gauge group and Nf flavors, it is known that
instantons generate a superpotential if Nf = Nc−1 and deform the moduli space of vacua
if Nf = Nc. But the role of instantons has been unclear for Nf > Nc. In this paper, we
demonstrate that for Nf > Nc, on the moduli space of vacua, instantons generate a more
subtle chiral operator containing (for example) non-derivative interactions of 2(Nf−Nc)+4
fermions. Upon giving masses to some flavors, one can integrate out some fermions and
recover the standard results for Nf = Nc and Nf = Nc − 1. For Nf = Nc, our analysis
gives, in a sense, a more systematic way to demonstrate that instantons deform the complex
structure of the moduli space of vacua.
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1. Introduction
Supersymmetric QCD (or SQCD) with gauge group SU(Nc) and Nf massless flavors
has been extensively studied. (By a flavor, we mean a massless chiral multiplet trans-
forming in the fundamental plus antifundamental representation.) In particular, partly
because of holomorphy and the extensive symmetry group this theory possesses, many
properties of its low energy vacuum structure are amenable to exact analysis. Yet the
theory still displays a wealth of interesting non-perturbative phenomena, including gener-
ation of a superpotential [1–5], deformation of the complex structure of the moduli space
and appearance of composite massless particles [6] (see also [7] for a related analysis), and
electric-magnetic duality [8]. For some short reviews of some aspects of this story, see
[9,10].
The properties of the theory depend very much onNf . ForNf = 0, it is believed that a
discrete chiral symmetry is dynamically broken in this theory. The behavior forNf < Nc−1
can largely be deduced from this statement [1]. For Nf = Nc − 1, instantons generate
a superpotential which lifts all flat directions on the moduli space M of supersymmetric
vacua. For Nf = Nc, instantons do not generate a superpotential, but rather [6] deform the
complex structure of the moduli space M. For Nf > Nc, no superpotential is generated
and M is undeformed; the important dynamical statements for Nf > Nc concern the
behavior at the origin of M, where composite massless particles appear [6], including [8]
gauge fields related to electric-magnetic duality if Nf ≥ Nc + 2.
Though the important statements for Nf > Nc involve the behavior at the origin in
M, it is also possible to explore the behavior far from the origin for this range of Nf . In
that region, the theory has gauge instantons whose effects are computable, just as they
are for Nf = Nc − 1 and Nf = Nc. One might well ask, “What are these instantons good
for?” The purpose of our paper is to answer this question. To keep things simple, we
concentrate on the case Nc = 2, but we believe that the story is similar for all Nc.
Our answer is that instantons for all Nf ≥ Nc − 1 generate a chiral interaction, or
F -term, onM. For Nf = Nc−1, this is the familiar instanton-induced superpotential. For
Nf = Nc, the F -term that is generated is a four-fermion (or two-derivative) interaction
on M which describes the familiar deformation of the complex structure of M. In fact,
understanding the complex structure deformation in this slightly novel way gives, possibly,
a more systematic way to understand how it comes about, and which N = 1 theories have
such a deformation. For Nf > Nc, we get more exotic F -terms on M which generate,
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for example, interactions with 2(Nf − Nc) + 4 fermions. These interactions produce no
obvious qualitative effect in the physics as long as the Nf flavors are massless, but if one
adds bare masses for some flavors, they induce the usual instanton effects for Nf = Nc
and Nf = Nc − 1.
F -terms of the type that appear in our analysis – we will call them multi-fermion
F -terms – have been little discussed in N = 1 supersymmetric theories in four dimensions.
This partly accounts for the fact that their appearance in SQCD has not been noted until
now. Interactions of this type are far more familiar in the closely related context of two-
dimensional sigma models with N = (2, 2) supersymmetry (which can arise by compactifi-
cation or dimensional reduction from four dimensions); in that context, the multi-fermion
F -terms are associated with the generators of the (c, c) chiral ring, or equivalently the ring
of local observables of the topological B-model.
We begin our analysis in section 2 with a general description of multi-fermion F -
terms in N = 1 supersymmetric effective actions. In section 3, we analyze, for Nc = 2, the
relevant terms that are possible in the specific case of supersymmetric QCD. We show that,
for each value of Nf , their structure is uniquely determined by the flavor symmmetries.
Here we exploit the fact that for Nc = 2, the flavor symmetry is enhanced because both
the quarks and the anti-quarks transform in the fundamental representation of the gauge
group.
Finally, we show in section 4 that these multi-fermion F -terms are indeed generated
in the low energy effective action of SQCD. We do this in three ways, each of which casts
a different light on the origin of these unusual corrections. First, we perform a direct
instanton computation as in [1] to show that the multi-fermion F -terms are generated.
Second, in the special case that Nc = 2, Nf = Nc + 1 = 3, we show that they arise
from a tree-level Feynman diagram computation in the Seiberg dual description of the
theory. Third, we show that upon perturbing the theory by supersymmetric bare masses
for some flavors, these interactions give rise by renormalization group flow to the standard
results for Nf = Nc and Nf = Nc − 1. This result generalizes to Nf > Nc the standard
renormalization group flow [6] from the instanton-induced deformation of moduli space for
Nf = Nc to the instanton-induced superpotential for Nf = Nc − 1. We expect that these
analyses will have analogs for all Nc and Nf .
Although our focus in this paper is on four-dimensional gauge theory, multi-fermion
F -terms also appear naturally in supersymmetric effective actions that describe four-
dimensional compactifications of string theory. In fact, the present work began with
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our asking whether worldsheet instantons of the heterotic string can deform the complex
structure of the moduli space of supersymmetric vacua, like gauge instantons in SQCD for
Nf = Nc. The question is motivated by the fact that [11] such worldsheet instantons can
sometimes generate a spacetime superpotential, like gauge instantons for Nf = Nc − 1.
The answer to the question is positive, as we will explain, along with other results, in a
separate paper. A closely related matter is the analysis [12,13] of holomorphic anomalies
in the low energy effective action of the heterotic string.
2. General Remarks on Multi-Fermion F -Terms
In this section, we describe the general structure of F -terms containing many fermions
in N = 1 supersymmetric effective actions. However, before discussing generalities, we
will motivate our study of these interactions by considering a very specific and well-known
example: the complex structure deformation of the moduli space M of vacua that occurs
in SU(2) SQCD with two flavors.
When the distinction is important, we write Mcl for the classical approximation to
the moduli space of supersymmetric vacua, and M for the exact quantum moduli space.
2.1. Example: SU(2) SQCD With Four Doublets
For Nc = 2, that is for gauge group SU(2), the fundamental and antifundamental
representations coincide, so the SU(2) gauge theory with Nf flavors is more naturally
described as a theory with 2Nf doublets, that is, with chiral multiplets transforming as
2Nf copies of the two-dimensional representation 2. Since the term “flavors” is a little
misleading for SU(2), we will write the number of doublets as 2n. (In SU(2) gauge theory
with chiral multiplets transforming as doublets, the number of such doublets must be even
because of a global anomaly [14].)
To establish notation for the rest of the paper, we combine the matter fields into one
chiral multiplet,
Qia = q
i
a + θψ
i
a + · · · , (2.1)
with a = 1, 2 being the color index for the 2 of the SU(2) gauge symmetry, and i = 1, . . . , 2n
being the flavor index for the 2n of the global SU(2n) flavor symmetry. Of course, we
have indicated in (2.1) the component expansion of Qia, including a scalar field q
i
a and a
Weyl fermion ψia.
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We also introduce the gauge invariant, composite meson chiral superfield M ij , given
by
M ij = ǫabQiaQ
j
b. (2.2)
The meson M ij is clearly anti-symmetric in the flavor indices i and j and so transforms
in the skew representation ∧2(2n) of SU(2n).
Using the mesons M ij , we can succinctly describe the classical moduli space Mcl
of supersymmetric vacua as being parametrized by arbitrary expectation values of M ij
subject to the constraint
M∧M = 0 , (2.3)
or more explicitly,
ǫi1j1i2j2···injn M
i1j1M i2j2 = 0 . (2.4)
This system of quadratic equations (2.3) simply enforces the condition that
rank(M) ≤ 2 , (2.5)
as follows from the definition (2.2) of M ij as the skew product of two quark superfields.
Now, if the number of doublets is 2n = 4, the classical constraint (2.3) reduces to a
single quadratic equation
ǫi1j1i2j2M
i1j1M i2j2 = 0 (2.6)
which must be satisfied by M ij. Upon introducing suitable complex linear combinations
mI , I = 1, . . . , 6, of the six independent components M ij , i, j = 1, . . . , 4, so as to diago-
nalize the nondegenerate quadratic form that appears on the left hand side of (2.6), the
classical equation (2.6) becomes
6∑
I=1
(
mI
)2
= 0 . (2.7)
The classical moduli space Mcl is thus smooth away from the origin. Its singularity at
the origin is a signal of the unbroken gauge symmetry. The mI transform in the vector
representation of the SU(4) or SO(6) flavor symmetry of the SU(2) gauge theory with
four doublets.
The classical moduli space Mcl whose structure we have just reviewed is deformed
in the quantum theory [6] and does not coincide with the quantum moduli space of vacua
4
M. To describe this deformation, we introduce the usual holomorphic coupling scale Λ.
Then, in the quantum theory, the moduli spaceM is described by the modified constraint
M∧M = Λ4 , (2.8)
or equivalently, with ǫ ∼ Λ4,
6∑
I=1
(
mI
)2
= ǫ . (2.9)
Up to a multiplicative constant, the form of the deformation (2.8) is determined completely
by the SU(4) flavor symmetry and dimensional analysis. Of course, as a result of the
deformation, the singularity of Mcl at the origin is removed and M is a smooth complex
manifold.
Representing the Deformation in the Effective Action
But precisely how does the deformation (2.8) appear in the effective action of SQCD?
Is there a term of order ǫ in the low energy effective action whose presence signals this
deformation?
In this very simple example, one way to implement the quantum deformation in
the low energy effective theory is to introduce a massive field Σ and a superpotential
W = Σ
(
M∧M − Λ4) into the effective action, which thus takes the form
S =
∫
d4x d4θ K
(
M,M ; Σ,Σ
)
+
∫
d4x d2θ W + c.c., (2.10)
where K is the Ka¨hler potential. Solving the equations for a critical point of W , we find
that Σ = 0 andM∧M = Λ4. In this description, the term in the effective action that signals
the deformation is clearly an F -term, the term ∆W = −Λ4Σ in the effective superpotential.
If this term is dropped, the constraint reduces to the classical one M ∧M = 0.
The description we have just given is useful for this particular example, but relies
on being able to describe the moduli space Mcl and its deformation M in terms of un-
constrained linear fields Σ and mI , I = 1, . . . , 6, together with a superpotential. There
are seven of these fields in all, of which in any given vacuum (away from the origin) two,
namely Σ and a linear combination of the mI , are massive, while five components of mI
are massless and parametrize the moduli space. Obviously, our deformation ∆W = −Λ4Σ
depends on the massive fields. In an analogous but different example, we might be unable
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to usefully describe the moduli space in terms of a linear sigma model with a superpo-
tential. How can we describe the deformation in a low energy effective action constructed
only from the massless fields?
We can find the answer by integrating out the massive fields to convert ∆W into an
effective interaction for massless fields only. In doing so, we work modulo D-terms and
attempt to determine what F -terms are generated. This computation is both simple and
instructive and we will perform it, along with an analogous computation in the theory with
six doublets, in section 4.2.
However, for now it is useful to simply use supersymmetry to determine what F -
terms are possible on Mcl. At least away from the origin of Mcl, this theory is intrin-
sically described as an N = 1 supersymmetric, nonlinear sigma model governing maps
φ :M4 −→Mcl from Minkowski space M4 toMcl.
From this perspective, the perturbative effective action is the usual sigma model ac-
tion,
S =
∫
d4x d4θ K
(
Φi,Φi
)
. (2.11)
Here Φi and Φi are chiral and anti-chiral superfields whose lowest components φi and φi are
local holomorphic and anti-holomorphic coordinates on Mcl,1 and K is again the Ka¨hler
potential associated to some Ka¨hler metric ds2 = gii dφ
idφi on Mcl. The reason that
we consider a sigma model whose target is Mcl is that this is the low energy structure in
perturbation theory. We want to know how this description may be modified by instantons,
in other words, what F -term on Mcl may be induced by instantons.
Of course, we know something about the answer: this F -term must describe the
deformation of Mcl into M. So let us discuss what terms in the effective action of an
N = 1 sigma model with a given target (in our case, Mcl) describe a deformation of the
complex structure of the target. We want to consider the deformation not extrinsically,
as a modification of some algebraic equations describing the target, but intrinsically, as a
modification of the ∂ operator of the target.
In general, a deformation of the complex structure on Mcl is described as a change
in the ∂ operator on Mcl of the form
∂j 7−→ ∂j + ωji ∂i . (2.12)
1 In this discussion, ‘i’ is not a flavor index but an index parametrizing local coordinates on
Mcl.
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Here ωj
i is a representative of a Dolbeault cohomology class in H1(Mcl, TMcl), whose
elements parametrize infinitesimal deformations of Mcl. We use standard notation, with
TMcl and Ω1Mcl denoting the holomorphic tangent and cotangent bundles of Mcl.
We can equally well represent the change (2.12) in the ∂ operator onMcl as a change
in the dual basis of holomorphic one-forms dφi,
dφi 7−→ dφi − ωji dφj . (2.13)
As a result, under the deformation, the metric on Mcl changes as
gii dφ
idφi 7−→ gii
(
dφi − ωji dφj
)
dφi , (2.14)
so that, upon deformingMcl, the metric picks up a component of type (0, 2) when written
in the original holomorphic and anti-holomorphic coordinates. (Of course, there is also a
complex conjugate term of type (2,0).)
Since we know how the metric onMcl changes when Mcl is deformed, we can imme-
diately deduce that the corresponding correction to the sigma model action is generally of
the form
δS =
∫
d4x d2θ ωi j DΦ
i ·DΦj =
∫
d4x ωi j dφ
i dφj + · · · , (2.15)
with
ωi j =
1
2
(
gii ωj
i + gij ωi
i
)
. (2.16)
Here D ≡ Dα˙ is the usual spinor covariant derivative on superspace, and we have in-
troduced the shorthand notation “·” for the contraction of spinor indices (so for any two
spinors η and ζ, η ·ζ is shorthand for ηα˙ζα˙). We have also performed the fermionic integral
over θ in (2.15), from which we see that the leading bosonic term reproduces the correction
to the metric in (2.14).
Of course, the most important property of δS — and the primary motivation for this
paper — is the fact that δS is an F -term. But δS is not a correction to the superpotential
– it generates terms with two derivatives of bosons, or with four fermions. Because of the
latter contribution, δS is a special case of what we call a multi-fermion F -term.
In contrast to a superpotential interaction, a deformation of the complex structure
(of a smooth complex manifold, such as Mcl with the origin removed) is trivial locally.
So locally on Mcl, it must be possible to write δS in the form
∫
d4θ(. . .). As will become
clear, this cannot be done globally on Mcl, and it cannot be done even locally in a way
that respects the SU(4) flavor symmetry. In that sense, δS is a non-trivial F -term.
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We also note that this F -term is not manifestly supersymmetric, since the operator
Oω = ωi j DΦi ·DΦj is not manifestly chiral. Rather, the chirality of Oω in the on-shell
supersymmetry algebra determined by the unperturbed sigma model action S follows from
the fact that ωj
i is annihilated by ∂.
In section 2.2, we discuss more systematically the basic properties of multi-fermion
F -terms such as δS.
Computing δS in SQCD
We have described in general what sort of term in the low energy effective action of
an N = 1 sigma model describes the deformation of the complex structure of the target.
We will now be more explicit for SU(2) gauge theory with four doublets.
For this purpose, we reconsider the extrinsic, algebraic description of the deformation
of Mcl, using the coordinates mI . Instead of saying that the deformation changes the
equation ∑
I
(mI)2 = 0 (2.17)
to ∑
I
(mI)2 = ǫ, (2.18)
we want to work in a description in which the target space remains the same (away from
the origin and perturbatively in ǫ) but a new interaction is generated.
It is possible to do this because away from the origin the quantum constraint (2.18) can
be converted to the classical constraint (2.17) by a non-holomorphic change of variables.
When the coordinates mI satisfy the quantum constraint (2.18), the new coordinates
m˜I = mI − ǫ
2
δI
J
mJ
mm
(2.19)
obey the classical constraint (2.17) to first order in ǫ. (We could work beyond first order,
but this is not necessary.) Here mm =
∑6
I=1 |mI |2, and in describing m˜I we introduce
the tensor δI
J
constructed from the SO(6) invariant tensors δIJ and δIJ ; in the language
of SU(4), these tensors would be respectively ǫijk l, ǫ
ijkl, and (δii δjj − δji δij).
Thus, when the original coordinates mI satisfy the quantum constraint, the new
coordinates m˜I satisfy the classical constraint, at least to leading order in ǫ,
6∑
I=1
(
m˜I
)2
= O(ǫ2) . (2.20)
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The new coordinates m˜I are obviously not holomorphic in the old complex structure
on Mcl, but we can find a new complex structure in which they are holomorphic. The
deformation of the complex structure can be described as in (2.12) by correcting the ∂
operator. From the requirement that the new coordinates m˜I be holomorphic in the new
complex structure, we have that(
∂
∂mJ
+ ωJ
I ∂
∂mI
)
m˜K = 0 . (2.21)
From this equation, we can directly solve for the tensor ωJ
I in terms of the components
mI of M . We find, again to leading order in ǫ, that
ωJ
I =
ǫ
2
(
δI
J
mm
− m
ImJ
(mm)
2 −
mImJ
(mm)
2
)
, (2.22)
with indices raised and lowered with δIJ and δIJ as appropriate.
In this expression, only the first two terms in (2.22) arise directly from solving the
equation (2.21). In fact, the last term in the expression for ωJ
I dmJ ∂/∂mI vanishes
identically when we restrict toM, as on M we have the relation
0 =
6∑
I=1
mIdmI =
1
2
d
(∑
I
(mI)2
)
. (2.23)
We have included this trivial term in ωJ
I just so that, upon lowering one index with the
Ka¨hler metric, the tensor ωI J is manifestly symmetric.
Of course, we do not actually know the Ka¨hler metric g onMcl, as appears implicitly
in determining δS by converting the section ω of Ω
1
Mcl
⊗TMcl to a section of Ω1Mcl⊗Ω
1
Mcl
,
as in (2.15) and (2.16). By symmetry, we do know that this metric must equal the metric
on Mcl induced from the Euclidean metric times a function of mm, and asymptotically
for large mm the metric must reduce to the classical metric describing canonical kinetic
terms for underlying quarks in the ultraviolet regime of SQCD.
All of our expressions for the multi-fermion F -terms depend on the metric g. How-
ever, this dependence is irrelevant in the sense that the fundamental holomorphic object
ω which represents a class in H1(M, TM) and determines the existence of the multi-
fermion F term does not depend on a choice of Ka¨hler metric. Of course, the metric is
known asymptotically, near infinity onM, where it can be determined from the underlying
classical field theory and asymptotic freedom.
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We will now give a concrete formula for δS. Because of the dependence on g, we can
present this formula in various ways. The most general approach, which also leads to the
simplest expressions, is simply to leave g implicit, absorbing it into the index structure of
ωI J as we did in (2.16). This means that we simply use an unknown Ka¨hler metric in
raising and lowering indices. With this convention understood, from (2.15), (2.16), and
(2.22), we see that δS takes the form
δS =
∫
d4x d2θ
ǫ
2
(
δIJ
mm
− m
I mJ
(mm)2
− m
I mJ
(mm)2
)
DmI ·DmJ . (2.24)
Alternatively, this expression (2.24) is what results if we assume that g is the flat metric,
so that we simply raise and lower indices with the Kronecker delta.
On the other hand, because the mesons mI and mI most naturally (that is in the
classical theory) have dimension 2, the metric gII most naturally has dimension −2 (so
that ds2 = gIIdm
IdmI has dimension two). As a result, the dimensional analysis of our
expression in (2.24) is not transparent. Asymptotically on M, the Ka¨hler potential is
known to be asymptotic to K =
√
mm. With this knowledge, we can make the asymptotic
form of the interaction more precise. In doing so, it is convenient to also make dimensional
analysis manifest by simply using the Kronecker delta δII to raise and lower indices on m
and m, while writing factors of
√
mm explicitly. In this case, all components of m and m
with indices up or down have dimension two. The asymptotic form of the interaction δS
then becomes
δS =
∫
d4x d2θ
ǫ
2
√
mm
(
δIJ
mm
− m
I mJ
(mm)2
− m
I mJ
(mm)2
)
DmI ·DmJ . (2.25)
Recalling that ǫ ∼ Λ4, one can check directly that the naive dimensional analysis holds.
In the rest of the paper, we will mainly follow the first convention, as in (2.24), so
that g appears only implicitly.
In terms of the components M ij of M written using SU(4) flavor indices, as we will
use in section 3, the expression (2.24) becomes
δS =
∫
d4x d2θ Λ4
(
ǫi1j1i2j2
MM
− ǫ
i1j1klM i2j2 Mkl
2
(
MM
)2 − ǫi2j2klM i1j1 Mkl
2
(
MM
)2
)
×
× DM i1j1 ·DM i2j2 .
(2.26)
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Here we take MM ≡ 12
∑
ij
M ijM
ij. (The factor of 1/2 is included so that if the only
nonzero components of M ij are M12 = −M21 = 1, then MM = 1. The factors of 1/2 in
(2.26) relative to (2.24) arise from this convention and lead to the simple formula below.)
For future reference, we observe that up to a constant factor the expression in (2.26)
can be written more compactly as
δS = Λ4
∫
d4x d2θ
(
MM
)−2
ǫi1j1i2j2 M i1j1
(
MklDM i2k ·DM lj2
)
. (2.27)
In section 3, we will show that this form (2.27) of the F -term is completely determined
by symmetry and furthermore extends naturally to the case of SU(2) SQCD with n > 2
flavors.
2.2. Multi-Fermion F -terms
Our description of the complex structure deformation in SQCD by means of a multi-
fermion F -term may seem perverse, as the algebraic description of the deformation in (2.8)
is so much simpler than (2.27). However, by phrasing this deformation as a multi-fermion
F -term in an effective four-dimensional N = 1 supersymmetric sigma model, we can see
an immediate generalization to F -terms of even higher order.
To introduce this generalization, we begin by recalling that a four-dimensional sigma
model with N = 1 supersymmetry can be dimensionally reduced to a two-dimensional
sigma model with N = (2, 2) supersymmetry. Under this reduction, chiral operators in
one sigma model map naturally to chiral operators in the other. The multi-fermion F -terms
in four dimensions have better-known analogs in two dimensions.
In two dimensions, rings of chiral operators have been much studied [15–18] in the
context of string theory and correspond to the rings of local observables in the topo-
logical A- and B-models. In fact – with the superpotential being a typical example –
F -terms in four dimensions reduce to chiral observables of the B-model in two dimensions.
The chiral operators of the B-model are in one-to-one correspondence with elements of
Hp(M,∧qTM).
To construct multi-fermion F -terms, we begin with a section ω of Ω
p
M ⊗ Ω
p
M. (Were
it not for the requirement of Lorentz-invariance, we could more generally start with a
section of Ω
p
M ⊗ Ω
q
M for p 6= q.) Explicitly, ω is given by a tensor ωi1···ip j1···jp that is
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antisymmetric in the ik and also in the jk. Given such a tensor, we construct a possible
term in the effective action that generalizes what we found in (2.15):
δS =
∫
d4x d2θ ωi1···ip j1···jp
(
DΦi1 ·DΦj1
)
· · ·
(
DΦip ·DΦjp
)
,
≡
∫
d4x d2θ Oω .
(2.28)
To achieve Lorentz invariance, spinor indices are contracted here; for example,
(
DΦi1 ·DΦj1
)
is an abbreviation for
(
Dα˙Φ
i1 D
α˙
Φj1
)
. Furthermore, given the form of this operator, we
can assume that ω is symmetric under the overall exchange of i’s and j’s.
Supersymmetry of Oω
The interaction δS is not manifestly supersymmetric. For it to be supersymmetric,
Oω must be chiral, that is, annihilated by the anti-chiral supersymmetries Qα˙. Even if
δS is supersymmetric, it may represent a trivial F -term. Though written in (2.28) in the
form
∫
d2θ(. . .), it may be that δS can be alternatively written
∫
d4θ(. . .), in other words
as a D-term. This will be so if it is possible to write Oω = {Qα˙, [Qα˙, V ]} for some V . If
so, Oω is trivially chiral and δS =
∫
d4x d4θ V .
To describe the chirality condition on Oω, which will be no surprise from experience
with the two-dimensional B-model, we first note that we can use the Ka¨hler metric gii on
M to raise either set of i or j indices on ω. The raised indices become holomorphic, so
upon raising the indices, ω becomes interpreted as a section of Ω
p
M⊗∧pTM in two distinct
ways. By our assumption on the symmetry of ω, we find the same section of Ω
p
M⊗∧pTM
either way.
We now consider the action of the anti-chiral supercharges Qα˙ in the on-shell super-
symmetry algebra of the unperturbed sigma model, so that we consider for simplicity only
the linearized supersymmetry constraint on δS. Under the action of Qα˙, the component
fields φi and ψiβ of Φ
i and the component fields φi and ψi
β˙
of Φi transform as
δα˙φ
i = 0 ,
δα˙ψ
i
β = i ∂α˙βφ
i ,
δα˙φ
i = ψiα˙ ,
δα˙ψ
i
β˙
= −Γi
j k
ψjα˙ ψ
k
β˙
.
(2.29)
Here Γ is the connection associated to the Ka¨hler metric gii onM. So long as we consider
only the action of a single supercharge, we can without loss set Γ to zero by a suitable
coordinate choice on M.
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By using the metric to interpret each set of anti-chiral fermions ψi
β˙
for β˙ = 1, 2 as
alternatively anti-holomorphic one-forms dφi or holomorphic tangent vectors ∂/∂φi, we see
directly from (2.29) that the action of each of the two supercharges Qα˙ on Oω corresponds
to the action of ∂ on ω when ω is regarded as a section of Ω
p
M ⊗ ∧pTM in either of the
two possible ways. Thus, the chirality constraint on Oω is simply the condition that ω be
annihilated by ∂. This result is familiar in the B-model.
Cohomology of Oω
We must also impose an equivalence relation on the space of operators Oω, such that
Oω is considered trivial if δS is equivalent to a D-term. The condition we will get is closely
related to the reduction to ∂ cohomology in the B-model.
As a simple example, any perturbative correction δK to the Ka¨hler form can be triv-
ially rewritten as an F -term correction upon performing half the integral over superspace:∫
d4x d4θ δK =
∫
d4x d2θ D
2
δK ,
=
∫
d4x d2θ ∇i∇jδK
(
DΦi ·DΦj
)
.
(2.30)
In the second line, we have introduced the covariant derivative ∇ associated to the con-
nection Γ in (2.29), and we have explicitly rewritten the chiral integrand in the form of an
operator Oω, with
ωi j = ∇i∇jδK . (2.31)
Even more generally, we must consider possible corrections to the effective action
which involve integrals over three quarters of superspace2 and are of the form
δS =
∫
d4x d2θ dθα˙ ξi2···ip j1···jp
Dα˙Φj1
(
DΦi2 ·DΦj2
)
· · ·
(
DΦip ·DΦjp
)
,
≡
∫
d4x d2θ dθα˙ Oξα˙ ,
=
∫
d4x d2θ ∇i1ξi2···ip j1···jp
(
DΦi1 ·DΦj1
)
· · ·
(
DΦip ·DΦjp
)
.
(2.32)
Here ξ is a section of Ω
p−1
M ⊗ Ω
p
M.
2 We do not know of any actual examples of operators of this type that can be written as
integrals over three quarters of superspace but not over all of superspace.
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Because the correction in (2.32) has the same form as the F -term in (2.28), we must
consider the chiral operators Oω as defined up to the equivalence
Oω ∼ Oω +
{
Qα˙,Oξα˙
}
. (2.33)
Mathematically, this equivalence becomes an equivalence relation on sections of Ω
p
M⊗Ω
p
M,
ωi1···ip j1···jp
∼ ωi1···ip j1···jp + ∇[i1ξi2···ip] j1···jp +
(
ik ↔ jk
)
. (2.34)
As we indicate, the term involving ξ is to be symmetrized like ω under the exchange of all
pairs ik ↔ jk.
Because of this symmetrization, the equivalence relation implied by (2.34) on sections
of Ω
p
M⊗∧pTM is not the same as the usual equivalence relation in Dolbeault cohomology.
Furthermore, since the corrections (2.32) arise from an integral only over three quarters of
superspace, they are not supersymmetric unless we impose the (nontrivial) condition that
Q2 annihilate the operator Oξα˙, which implies a corresponding constraint on the sections
ξ which appear in (2.32) and (2.34).
We are unaware of a more standard mathematical description of this sort of cohomol-
ogy, specific to the bundles Ω
p
M ⊗ ∧pTM on an arbitrary Ka¨hler manifold, and we will
not comment further on its general structure. Luckily, symmetries alone will suffice in
section 3 to show that the operators Oω which we consider for SQCD cannot be written
as integrals over three-fourths of superspace, much less all of it.
2.3. Adding a Superpotential to the Sigma Model
Although we are most interested in SQCD with massless flavors, a useful technique to
study this theory is to consider instead SQCD with massive flavors and to ask how various
observables depend upon the mass parameters. Because these mass parameters appear in
a superpotential, holomorphy serves as a powerful tool to constrain their appearance in the
effective action. In section 4, we will apply exactly this technique as one way to compute
the multi-fermion F -terms in SQCD.
More generally, we can consider adding any background superpotentialW to the basic
sigma model action,
S =
∫
d4x d4θ K(Φi,Φi) +
∫
d4x d2θ W (Φi) + c.c. (2.35)
14
Because of the superpotential, the on-shell supersymmetry algebra of the sigma model is
altered, and hence the chirality condition on Oω is also altered. This fact is fundamental
to our study of the mass deformation of SQCD in section 4, so we pause to explain it here
in the general setting.
In the new action (2.35), the on-shell variations under Qα˙ of the component fields φ
i,
φi, ψiβ , and ψ
i
β˙
are now given by
δα˙φ
i = 0 ,
δα˙ψ
i
β = i ∂α˙βφ
i ,
δα˙φ
i = ψiα˙ ,
δα˙ψ
i
β˙
= −Γi
j k
ψjα˙ ψ
k
β˙
+ ǫα˙β˙ g
ii∂iW .
(2.36)
Because of the appearance of the one-form dW in the variation of ψi
β˙
in (2.36), the action
of the supercharges Qα˙ on Oω is no longer given geometrically by the action of ∂ on ω.
Instead, when ψi
β˙
is interpreted as a holomorphic tangent vector ∂/∂φi, the term involving
W corresponds geometrically to the interior product of ∂/∂φi with the holomorphic one-
form dW . So the ∂ operator is now generalized to the operator
δ = ∂ + ιdW , (2.37)
acting on sections of Ω
p
M ⊗ ∧pTM. Here ιdW denotes the operator on Ω
p
M ⊗ ∧pTM
which acts by the interior product with the one-form dW . (In other words, ιdW acts by
removing ψ and replacing it with dW .) We note that because W is holomorphic, δ2 = 0.
Thus, the first order chirality condition on the operator Oω becomes the requirement that
δ annihilate ω.
A nice mathematical discussion of the cohomology theory associated to δ is given by
Liu in [19], and applications to string theory are discussed in [20].
When ω is a section of Ω
1
M ⊗ TM, then the modified chirality condition has a very
direct geometric interpretation. In this case, the condition that δω = 0 implies that ω is
annihilated separately by both the operators ∂ and ιdW . The latter condition implies that
ωj
i ∂iW = 0 . (2.38)
Since W is holomorphic, this condition is then equivalent to the condition that(
∂j + ωj
i ∂i
)
W = 0 , (2.39)
implying that the deformation of ∂ represented by ω must preserve the holomorphy of W .
More generally, if it is possible to modify W to a function W +∆W that is holomorphic
in the deformed complex structure, then ω +∆W is annihilated by δ.
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3. Multi-Fermion F -Terms in SU(2) SQCD
Up to this point, we have discussed general properties of multi-fermion F -terms in an
arbitrary N = 1 sigma model. We now specialize our analysis to the particular case of
SQCD. Our main goal in the rest of the paper, concentrating mainly on the example of
gauge group SU(2), is to show that multi-fermion F -terms are generated in the effective
action of SQCD.
To this end, we begin in this section by analyzing the constraints imposed by symme-
tries and holomorphy on the form of any multi-fermion F -term corrections in SU(2) SQCD.
The case of SQCD with gauge group SU(2) is particularly simple due to the enhancement
of the flavor symmetry. In this case, we fix the form of the operators Oω uniquely, and we
demonstrate that they are nontrivial in the cohomology of Qα˙.
In the general case of SQCD with gauge group SU(Nc) and Nf > Nc flavors, a similar
analysis to determine the form of the operators Oω appears to be more complicated, since
the geometry of the moduli space M itself is more complicated. However, the direct
instanton computation of section 4.1 shows that such interactions arise for all Nc and
Nf ≥ Nc − 1. The other derivations in section 4 generalize in spirit.
In the case of SU(2) SQCD with Nf = n flavors, we have already described alge-
braically the classical moduli space M as being parametrized by the mesons M ij , subject
to the system of quadratic equations M∧M = 0. This description of M has the virtue
of being very succinct. However, we now give another description of M which makes its
symmetry more apparent and consequently enables us to determine immediately the chiral
operators Oω which arise from cohomology classes on M.
3.1. More About the Geometry of M
Since symmetries are of the utmost importance, we first review the symmetries of
SU(2) SQCD with Nf = n flavors. Besides the SU(2) color and SU(2n) flavor symme-
tries, this gauge theory also possesses a non-anomalous U(1) R-symmetry as well as an
anomalous U(1) axial symmetry. Under these symmetries, the quark superfields Qia, the
mesons M ij , and the holomorphic coupling scale Λ transform as follows:
SU(2)c SU(2n) U(1)A U(1)R
Qia 2 2n 1 1− 2n
M ij 1 ∧2(2n) 2 2 (1− 2
n
)
Λ6−n 1 1 2n 0 .
(3.1)
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Here Λ6−n is the standard instanton counting parameter. (In this one place, we denote
the gauge group as SU(2)c, to distinguish it from an unbroken SU(2) flavor group that
will appear momentarily.)
We now describe M by considering the pattern of symmetry breaking around a fixed
supersymmetric vacuum. Up to the action of the symmetries, any solution of the usual
D-term equations takes the form
Qia =

v 0
0 v
0 0
...
...
0 0
 ≡ v δ̂ia , (3.2)
with v being an arbitrary complex number.
So long as v is non-zero, the expectation value of Qia in (3.2) breaks the symmetry
group in (3.1) down to a subgroup
SU(2)× SU(2n− 2)× U(1)′A × U(1)′R . (3.3)
The unbroken SU(2)×SU(2n−2) factor arises in the obvious way, and the unbroken U(1)
axial and R-symmetries arise from linear combinations of the corresponding generators in
(3.1) with the diagonal flavor generator in the center of the subgroup
S
(
U(2)× U(2n− 2)) ⊂ SU(2n) . (3.4)
Of course, the gauge group is completely Higgsed, and the massless fluctuations of
the quarks Qia about the point (3.2) decompose into two irreducible representations of the
unbroken symmetry group (3.3), with
SU(2) SU(2n− 2) U(1)′A U(1)′R
Φsc 2 2n− 2 nn−1 n−2n−1
Φ 1 1 0 0
Λ6−n 1 1 2n 0 .
(3.5)
Here the singlet Φ describes a rescaling of M ; the other fluctuations transform as an irre-
ducible representation Φsc of the unbroken symmetry, where c = 1, 2 is an index labelling
the 2 of the unbroken SU(2) and s = 3, . . . , 2n is now an index labelling the 2n− 2 of
SU(2n − 2). Throughout the paper, we will apply the convention that c, d, e, f refer to
indices 1, 2 of the unbroken SU(2), that s, t, u, v refer to indices 3, . . . , 2n of the unbroken
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SU(2n− 2), and that i, j, k, l run over all indices 1, . . . , 2n of the full SU(2n) flavor sym-
metry. These massless fluctuations Φ and Φsc represent local coordinates on M, such as
were used in section 2. Finally, for future reference in section 3.2 we have included in (3.5)
the charges of Λ6−n, which are identical to those in (3.1).
Because any solution of the D-term equations can be brought to the form (3.2) using
the SU(2) × SU(2n) symmetry of SQCD, we see that the SU(2n) flavor symmetry acts
transitively on the quotient of M minus the origin by the C∗ action which scales v. We
thus set M˜ =M− {0}, and we let B be this quotient of M˜ by C∗.
Furthermore, our description of the symmetry breaking pattern in (3.3) is equivalent to
the geometric observation that, at any non-zero v, the subgroup of SU(2n) which stabilizes
the point corresponding to Qia = v δ̂
i
a onM is S
(
U(2)×U(2n−2)). Thus, we can describe
B as a homogeneous (and in fact symmetric) space,
B = SU(2n)/S
(
U(2)× U(2n− 2)) . (3.6)
To incorporate the value of v into our description ofM, we observe that the C∗ action
which scales v is the complexification of the U(1)A symmetry in (3.1). This symmetry
corresponds to the action of the central U(1) which lies in the stabilizer subgroup S
(
U(2)×
U(2n − 2)) and whose generator mixes with the generator of U(1)A under the symmetry
breaking. Associated to this U(1) generator in S
(
U(2) × U(2n − 2)) is a corresponding
homogeneous line bundle L — and hence a C∗ bundle — over B. To specify L, we simply
note that the singlet field Φ transforms as a section of L and has charge +2 under the
original U(1)A symmetry, as Φ describes the rescaling of M
ij .
So, if we excise the singularity at the origin of M, then M˜ can be globally described
as this C∗ bundle over the base B,
C
∗ −→ M˜ pi−→ B . (3.7)
A direct relationship now exists between the algebraic description of M in (2.3) and
the intrinsic description of M in (3.7). To describe this relation, we consider the mesons
M ij modulo overall scaling, corresponding to the C∗ action generated by U(1)A. Then the
equations M∧M = 0 are the classical Plu¨cker relations [21] which describe the Grassman-
nian Gr(2, 2n) of complex two planes in C2n as an algebraic subvariety of the projective
space parametrized by M ij .
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On the other hand, this Grassmannian can also be described as a quotient,
Gr(2, 2n) = U(2n)/
(
U(2)× U(2n− 2)) , (3.8)
which is equivalent to our description in (3.6) of the base B. Thus, the C∗ bundle over B
in (3.7) is simply the bundle associated to the affine cone over the Grassmannian Gr(2, 2n)
with its Plu¨cker embedding in projective space. Equivalently, the line bundle L arises as
the pullback from the degree one bundle O(1) on projective space.
3.2. The New F -Terms
With our thorough discussion of the symmetries of SQCD, we can immediately derive
the form of any multi-fermion F -terms that might appear onM. We perform our analysis
in two steps: first locally, and then globally.
Local Analysis
Locally, we construct the chiral operator Oω from the massless fluctuations described
by Φsc and Φ about the vacuum Q
i
a = δ̂
i
a. Thus, in terms of the section ω of Ω
p
M⊗∧pTM,
we only consider ω as restricted to the tangent space of M at this point.
Now, the operator Oω must be invariant under the symmetries SU(2)× SU(2n− 2)×
U(1)′A and must have charge +2 under U(1)
′
R
in (3.5). Furthermore, since we are only
considering the corresponding section ω as restricted to the tangent space of a point in
M, we must construct Oω completely from the fermionic fields Dα˙Φ and Dα˙Φcs which
represent either one-forms or (by raising an index) tangent vectors to M. From (3.5) we
see that Dα˙Φ and Dα˙Φ
c
s have respective charges +1 and +1/(n−1) under U(1)′R. So just
to make an operator of U(1)′
R
charge +2, we require that it contain either two copies of
Dα˙Φ, or one copy of Dα˙Φ and n− 1 copies of Dα˙Φcs, or 2(n− 1) copies of Dα˙Φcs.
We can immediately rule out the first possibility, necessarily of the form DΦ · DΦ,
since from (3.5) this operator is not charged under U(1)′A and hence is not multiplied by
any power of Λ, contradicting the fact that our operator must vanish in the appropriate
weak coupling limit as well as the fact that we expect it to be generated by instantons. (A
more detailed study shows that there are no non-trivial chiral operators of this type.) On
the other hand, since the only tensors of SU(2)× SU(2n − 2) which we can use to make
invariants out of the fields Dα˙Φ
c
s are the anti-symmetric tensors ǫcd and ǫ
s1t1···sptp with
p = n − 1, we cannot make an invariant operator from one copy of Dα˙Φ and only n − 1
copies of Dα˙Φ
c
s.
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We are left to consider the operator Oω which is made from 2(n− 1) copies of Dα˙ Φcs,
of the form
Λ6−n ǫs1t1···sptp ǫc1d1 · · · ǫcpdp
(
DΦc1s1 ·DΦd1t1
)
· · ·
(
DΦcpsp ·DΦ
dp
tp
)
, p = n− 1 . (3.9)
This operator is invariant under SU(2)× SU(2n− 2) and carries charge +2 under U(1)′
R
.
The pattern of contractions of spinor indices is fixed by the fact that each expression in
parentheses must be antisymmetric under exchanges of both the pairs (c, d) and (s, t) and
must also obey Fermi statistics.
Also, we see from (3.5) that each fermion appearing in Oω carries charge −n/(n− 1)
under U(1)′A, so the fermionic part of Oω carries axial charge −2n. The fact that Oω must
be invariant under the axial symmetry then fixes the dependence on Λ. In particular, we
see that the operator in (3.9) involves a single power of the instanton counting parameter
Λ6−n and so could arise as a one-instanton effect.
So the local form of Oω is fixed completely by the symmetries, and moreover Oω has
the correct dependence on Λ to be generated by instantons. Furthermore, in terms of the
section ω of Ω
p
M ⊗∧pTM, we see that the parameter p is related to the number of flavors
n by p = n− 1. This fact is a special case of the relation p = Nf −Nc + 1 which must
hold in SU(Nc) SQCD with Nf flavors. In the direct instanton computation in section 4,
this relation follows most immediately by counting fermion zero modes in the instanton
background.
A Geometric Remark on Pullbacks From B
Because Oω only involves DΦcs and not the singlet DΦ, the section ω has only compo-
nents along the base B, with no legs along the C∗ fiber. Naively, one might have concluded
that ω then arises as the pullback from a section of Ω
n−1
B ⊗ ∧n−1TB on B. Actually, the
dependence of Oω on scaling of the quark superfields means that it is a pullback from a
section of Ω
n−1
B ⊗ ∧n−1TB ⊗ Lk for some k.3
In fact, k = −n. Indeed, as we noted above, the fermionic part of Oω carries U(1)′A
charge −2n. As U(1)′A differs from U(1)A by a generator of SU(2n) under which Oω is
invariant, this means that, if we omit the factor of Λ6−n from (3.9), then Oω has U(1)A
3 There is a further inessential subtlety. A section of TB cannot quite be pulled back to a
section of TM as there is a nontrivial exact sequence 0 → TF → TM→ TB → 0 where TF is
the tangent space to the fibers of M→ B. Because the relevant cohomology of TF is trivial, this
distinction is unimportant.
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charge −2n. Since the basic meson field M has U(1)A charge 2, this means that Oω
transforms as M−n and ω can be regarded as a section of Ωn−1B ⊗ ∧n−1TB ⊗ L−n.
Consider a general scaling M → λM , M → λM , for λ ∈ C∗. Under this scaling,
ω → λ−nλ0 ω = λ−nω. The fact that the exponent of λ is zero is implied by the fact that
∂ω = 0, and the fact that the exponent of λ is −n is equivalent to the fact that ω is a
section of Ωn−1B ⊗ ∧n−1TB ⊗ L−n. We apply these observations when we write a global
expression for Oω.
Chirality and Cohomology of Oω
Let us now check that Oω is chiral – annihilated by Qα˙ – and moreover represents a
nontrivial Qα˙ cohomology class. This check follows directly from symmetries.
We recall that the chirality condition on Oω is equivalent to the geometric condition
that ∂ annihilate ω. Because Oω is a pullback from B, we can consider just the action
of the ∂ operator along B on ω, considered as a section of Ω
p
B ⊗ ∧pTB ⊗ L−n. Because
both the ∂ operator on B and ω are singlets under the action of SU(2)× SU(2n− 2), the
section ∂ω of Ωp+1B ⊗ ∧pTB ⊗ L−n must also be a singlet. But no (nontrivial) invariant
section of Ωp+1B ⊗∧pTB⊗L−n exists; such a section would be constructed from an SU(2)
singlet made from the tensor product of 2p + 1 2’s. So the ∂ operator on B necessarily
annihilates ω.
A similar argument based upon symmetries also shows that Oω cannot be written in
the form {Qα˙,Oξα˙} in a way that respects the flavor symmetry. Indeed, invariant sections
of Ω
p−1
B ⊗∧pTB ⊗L−n and Ω
p
B ⊗∧p−1TB ⊗L−n do not exist, since one cannot make an
SU(2) invariant from 2p− 1 2’s.
Global Analysis
Our expression in (3.9) is only a local expression for Oω, but because the SU(2n)
flavor symmetry acts transitively onM, this local expression suffices to determine a global
expression for Oω. In order to write such an expression using the mesons M ij, we observe
that the local tensors ǫs1t1···sptp and ǫcd in (3.9) extend globally to tensors onM given by
ǫi1j1···injn M i1j1 and M
kl. Then Oω must take the global form
Oω = Λ6−n F (MM) ǫi1j1···injn M i1j1 Oi2j2 · · ·Oinjn , (3.10)
with
Oij ≡ MklDM ik ·DM lj , MM ≡ 1
2
M ijM
ij . (3.11)
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Of course, we employ the usual summation convention in writing MM as in (3.11), using
the Ka¨hler metric g on M to raise and lower indices throughout.
In writing Oω, we have also included as a prefactor an invariant function F (MM)
on M which is not directly determined by the local expression in (3.9). The function
F (MM) is, however, determined by dimensional analysis and also, as we will now discuss,
by requiring Oω to be chiral.
The chirality condition on Oω is most naturally expressed as the condition that the
corresponding section ω of Ω
n−1
M ⊗ ∧n−1TM be annihilated by ∂. Explicitly, the section
ω which determines the operator Oω in (3.10) is given globally by
ω = F (MM) ǫi1j1···injnM i1j1
(
Mk2l2 dM i2k2
∂
∂M l2j2
)
· · ·
(
Mknln dM inkn
∂
∂M lnjn
)
.
(3.12)
In order that ω be annihilated by ∂, we have already observed that it must be invariant
under the scaling M → λM . Furthermore, in order that ω arise from a section of the
bundle Ω
n−1 ⊗ ∧n−1TB ⊗ L−n, we have also observed that it must transform under the
scaling M → λM as ω → λ−nω.
However, if we ignore F (MM), we see that ω in (3.12) otherwise scales with degree n
in λ and with degree zero in λ. Thus, we set F (MM) = (MM)−n to ensure that ω scales
as M−n. So we must set
Oω = Λ6−n
(
MM
)−n
ǫi1j1···injn M i1j1 Oi2j2 · · ·Oinjn . (3.13)
This expression directly generalizes our previous formula (2.27) in the special case n = 2.
Let us also make a remark about the global form of Oω, or equivalently ω in (3.12).
In this expression, the components M ij ofM which appear are just affine coordinates on a
vector space in whichM is embedded, and it must be that only the components of ∂/∂M ij
and dM ij which represent tangent and cotangent vectors toM itself appear in (3.12). To
check this condition, we can without loss consider the point of M at which M ij = ǫ̂ij .
(We recall that the nonzero components of ǫ̂ are ǫ̂12 = −ǫ̂21 = 1.) Then the holomorphic
tangent space toM at this point is spanned by vectors ∂/∂M ij for which both i, j = 1, 2,
corresponding to the singlet Φ, or for which i = 1, 2 and j > 2, corresponding to Φsc in the
representation (2, 2n− 2).
In particular, the vector ∂/∂M ij for which both i, j > 2 is not a tangent vector toM
at this point. So in order for (3.12) to be well defined as a section of Ω
n−1
M ⊗ ∧n−1TM,
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such components of dM ij and ∂/∂M
ij with both i, j > 2 must not appear. However, upon
substituting M ij = ǫ̂ij into (3.12), we see that the factors of M i1j1 and M
kl ensure that
these unwanted components do not appear, and the expression in (3.12) is a section of
Ω
n−1
M ⊗ ∧n−1TM as claimed.
Like (2.24), (3.13) is written in terms of an arbitrary unknown Ka¨hler metric on
M. As in (2.25), we can make the asymptotic behavior more explicit, since we know the
asymptotic form of the Ka¨hler metric. In writing this formula, just as in (2.25), we use
Kronecker deltas to raise and lower indices on M (so all components of M and M with
index up or down have dimension two), and write all factors of MM explicitly. With this
understood, the asymptotic form of the interaction is
Λ6−n
(
MM
)−(3n−1)/2
ǫi1j1···injn M i1j1 Oi2j2 · · ·Oinjn . (3.14)
4. Computing The Multi-Fermion F -Terms
Although symmetries suffice to fix the form of the F -term correction in SQCD
uniquely, we must still check that it is actually generated. So in this section, we pro-
vide three computations which show this.
4.1. A Direct Instanton Computation
Since instanton effects are the subject of the paper, we first generate the F -terms
directly by a one-instanton computation which generalizes the classic one-instanton com-
putation [1,4,5] of the superpotential in the theory with Nf = Nc − 1 flavors.
The most basic, and most illuminating, feature of this instanton computation is that it
directly explains how the relation p = n−1 arises in the SU(2) theory with Nf = n flavors.
This relation arises from counting fermion zero modes in the instanton background, and
the same counting implies that, in the SU(Nc) theory, we must have p = Nf −Nc + 1.
Very briefly, before we review the details of the instanton computation, we will explain
the counting of fermion zero modes that controls the structure of the F -term. We thus
recall that, in the one-instanton background, we find at leading order 2Nc gaugino zero
modes and 2Nf quark zero modes. However, beyond leading order, the Yukawa couplings
pair 2(Nc − 1) of the gaugino and quark zero modes, and these modes are lifted. As a
result, two gaugino zero modes and 2(Nf − Nc + 1) quark zero modes remain. The two
gaugino zero modes that remain are generated by exact global supersymmetries. Thus, if
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we consider the general form of the multi-fermion F -term in (2.28), the two gaugino zero
modes are associated to the fermionic collective coordinates θα that appear in the integral
over superspace, and the 2(Nf −Nc+1) quark zero modes must be absorbed by the chiral
operator Oω itself. So p = Nf −Nc + 1.
We now present the details of the instanton computation in the case of SU(2) SQCD.
As described above, this computation should generalize directly to the case of SU(Nc)
SQCD, though one must consider a more involved integral over the collective coordinates
of the instanton.
Following closely the computation of Affleck, Dine, and Seiberg [1], we work on the
Higgs branch of SQCD, under the assumption that the classical quark vacuum expectation
value, Qia = v δ̂
i
a, is large and the effective gauge coupling g
2(v) is small. In this regime,
the approximate instanton equations are valid,
DµFµν = 0 , D
2qia = 0 , (4.1)
where we recall that qia is the scalar component of Q
i
a. In a one-instanton background, the
solution of (4.1) for qia with boundary condition fixed by its classical expectation value is
given by
qia =
σiµa x
µ v√
ρ2 + x2
. (4.2)
Here σµ = (1,−iσA), with σA the Pauli matrices, are the usual quaternion representatives.
Also, xµ is a coordinate on R4, and ρ is the scale of the instanton solution. The classical
action for this instanton background is
S0 =
1
g2
(
8π2 + 4π2ρ2|v|2) . (4.3)
When |v|2 6= 0, instantons of large size are exponentially suppressed by this classical action,
and the integral over the scale ρ will be convergent.
We must now consider what sort of correlation function to compute in order to probe
for the multi-fermion F -term determined by the operatorOω in (3.13). For this purpose, we
recall the chiral superfields Φ and Φsc which we introduced in section 3 to describe massless
fluctuations of the quark superfields around the Higgs vacuum. Introducing components
for these fields,
Φ = φ + θχ + . . . ,
Φsc = φ
s
c + θχ
s
c + . . . ,
(4.4)
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we see that among the various interactions which arise from the multi-fermion F -term is
an effective interaction for 2n fermions of the form
Λ6−n
v4 |v|2(n−1)
∫
d4x ǫs1t1···sptp ǫc1d1 · · · ǫcpdp χ · χ
(
χc1s1 · χd1t1
)
· · ·
(
χcpsp · χ
dp
tp
)
, p = n− 1 .
(4.5)
We have included the dependence of this interaction on v and v. This dependence can
either be checked directly, or it can be deduced from requirement that the interaction
transforms as λ−n under M → λM , M → λM , as discussed in section 3.
To probe for the presence of the F -term, we thus compute in the instanton background
the correlation function4 〈
χ · χ (χs1c1 · χt1d1) · · ·(χspcp · χtpdp)〉 . (4.6)
This computation as usual has two pieces: a one-loop integral over fluctuating modes in the
instanton background and an integral over zero modes. Because the instanton background
is supersymmetric to leading order, the one-loop integral over quantum fluctuations is
trivial and contributes only a factor of unity. So the important integral to consider is the
integral over zero modes.
Bosonic Zero Modes
As usual, in the instanton background we have eight bosonic zero modes. Four zero
modes are associated to the collective coordinate x0 for the location of the instanton in R
4.
One zero mode is associated to the scale ρ of the instanton. Finally, three zero modes arise
from global SU(2) gauge transformations and are associated to a collective coordinate h
on SU(2).
Fermionic Zero Modes
Much more important than the bosonic zero modes are the fermionic zero modes.
We have already discussed the counting of these modes generally, but now we review the
details.
First, we have two gaugino zero modes which arise from the action of the chiral
supercharges Qα and which take the form
λSS A [β]α =
ρ2 σAβα
(ρ2 + x2)2
. (4.7)
4 Because the correlator includes external legs with massless propagators, the fermions conju-
gate to those in the effective vertex appear.
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Here SS stands for global supersymmetry, A labels the adjoint representation of SU(2),
α is a spinor index, and β simply labels the two zero modes. Since we will not try to
compute the absolute normalization of our interaction, we have not bothered to normalize
the zero modes.
Second, at leading order in g2, we have an additional 2n + 2 fermion zero modes.
Two of these extra zero modes are gaugino zero modes associated to the action of the
superconformal generators xβ˙βQ
β, of the form
λSC A [β˙]α =
ρ xβ˙β σ
Aβ
α
(ρ2 + x2)2
. (4.8)
The other 2n zero modes arise from the 2n fermion doublets and are of the form
ψiαa[j] =
ρ δij h
b
a ǫαb
(ρ2 + x2)3/2
. (4.9)
Again, j is just an index that labels the zero modes. We have also included explicitly
the dependence of these modes on the element hba of SU(2) parametrizing global gauge
transformations. We could also have included this collective coordinate in (4.7) and (4.8),
but any dependence of the gaugino zero modes on h will drop out immediately in our
computation.
These 2n zero modes transform in the representation 2n of the flavor group SU(2n).
After giving expectations to the quark superfields, SU(2n) is broken to SU(2)× SU(2n−
2) (where in an instanton field, SU(2) must be combined with a rotation). Under the
subgroup, the zero modes of ψ transform as (2, 1)⊕ (1, 2n− 2). The superconformal zero
modes similarly transform as (2, 1).
Yukawa Interactions
The zero modes in (4.7), (4.8), and (4.9) are simply zero modes of the /D operator
in the instanton background. However, to perform the instanton computation, we must
go beyond leading order and consider the effect of the Yukawa couplings in SQCD. These
couplings of course take the form ∫
d4x qai
(
ψib · λba
)
. (4.10)
On the Higgs branch, with q satisfying (4.2), this interaction pairs the two supercon-
formal zero modes λSC with the two zero modes of the quarks that transform the same
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way, which are those with i = 1, 2 in (4.9) (and which we have denoted χ in (4.4)). As a
result, when we compute the correlator (4.6), these fermion zero-modes can be absorbed
by pulling down two copies of the Yukawa interaction (4.10) from the SQCD action, which
contributes a factor proportional to v2 to the correlator.
We are then left with the two gaugino zero modes λSS and the other 2n−2 quark zero
modes appearing in (4.9). Of course, these 2n− 2 quark zero modes are absorbed directly
by the massless fermions χsc appearing in the correlator (4.6). But what of the zero modes
λSS?
To answer this question, we recall that another very important, qualitative effect of
the Yukawa coupling (4.10) is that it alters the form of the zero modes λSS to include
components also involving the fermion χ. Specifically, to first order in ρv, the relevant
equations of motion are
/Dλ = 0 , /Dψ =
√
2 q · λ , (4.11)
which have solution
λ = λSS , ψ
i [β]
α˙ a =
1
4π
/D
[β]
α˙ q
i
a , (4.12)
with q as in (4.2). Simply by symmetry, the massless components of ψ
i [β]
α˙ a which mix with
λSS must correspond to the singlet χ. Thus, the two supersymmetric zero modes λSS are
absorbed by the two fermions χ which appear in the correlator (4.6).
The classical wavefunction of χ can be explicitly evaluated in the instanton background
from (4.12), and far from the instanton location x0 the wavefunction takes the form
χ
[β]
α˙ (x) = vρ
2Sβα˙(x, x0) , (4.13)
where Sβα˙(x, x0) is the free fermion propagator.
Computing the Correlator
We are now prepared to compute the fermion correlator (4.6) in the instanton back-
ground. Using the classical wavefunctions (4.9) and (4.13) for the fermion zero modes, we
see that〈
χ · χ (χs1c1 · χt1d1) · · ·(χspcp · χtpdp)〉 =
v4 Λ6−n
∫
d4x0 dρ dµ ρ
2n+5 exp(−4π2ρ2|v|2/g2) ǫs1t1···sptp
(
he1c1h
f1
d1
ǫe1f1
)
· · ·
(
hepcph
fp
dp
ǫepfp
)
×
× (S(y1 − x0) · S(y2 − x0)) · · · (S(y2n−1 − x0) · S(y2n − x0)) .
(4.14)
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In this expression, y1, . . . , y2n are the positions of the 2n fermions in R
4, which are
assumed to be far from the position x0 of the instanton. We then make use of the fact that,
in this limit, the classical wavefunctions (4.9) of the fermions χsc have the correct asymptotic
behavior so that the correlator can be written using the free fermion propagator S. In
computing the amputated vertex, we would simply drop these factors and the integration
over the position x0 of the instanton.
Besides the factor d4x0, the bosonic measure also includes a factor dρ ρ
2n+5 and a
factor dµ, which represents the invariant Haar measure on SU(2). We have determined
the power of ρ that appears simply by dimensional analysis.
Thus, since a prefactor of v4 appears from the fermion zero modes, the Gaussian in-
tegral over ρ then produces the correct dependence on v and v as in (4.5). We have not
been careful about factors of the gauge coupling g2 which also appear in the integration
measure and upon performing the Gaussian integral. By holomorphy, any explicit depen-
dence of the correlator on g2 should be absorbed into a wavefunction renormalization of
the external legs.
The only integral left to consider is the group integral over SU(2), which takes the
form
I
d1 d2··· d2p
c1 c2··· c2p =
∫
dµ hd1c1 h
d2
c2
· · ·hd2pc2p . (4.15)
This integral is not identically zero, since if one picks a real unit vector ncd and contracts
with nc1d1n
c2
d2
. . . n
c2p
d2p
, the integrand on the right hand side becomes positive definite. The
SU(2)× SU(2) symmetry implies that
I
d1 d2···d2p
c1 c2··· c2p ∝ ǫd1d2 ǫc1c2 · · · ǫd2p−1d2p ǫc2p−1c2p + (permutations) . (4.16)
Here the first term on the right hand side must be symmetrized under the exchanges of
indices corresponding to exchanges between the factors of h in (4.15). (Note that, by bose
statistics, a term proportional to ǫdidj for some i and j is also proportional to ǫcicj .) These
symmetries arise in the effective interaction (4.5) from the permutation symmetries of the
fermions. Thus, upon substituting (4.16) into (4.14), we produce the effective interaction
which arises from the multi-fermion F -term.
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4.2. A Computation in the Seiberg Dual With Six Doublets
In many examples of duality, nonperturbative effects in the direct theory become
classical effects in the dual theory. An example is the SU(2) gauge theory with 2n = 4,
that is with four doublets. In this case, the basic nonperturbative effect, as we reviewed
in section 2, is the deformation of the moduli space M of vacua. The dual theory that
describes the infrared physics is the sigma model whose target is M, and the complex
structure is built in at tree level.
Here we want to describe a more subtle example of this, for the SU(2) theory with
2n = 6 doublets. In this case we will show that the multi-fermion F -term that we have
obtained nonperturbatively in the direct description of SQCD can also be computed at
tree level in the Seiberg dual [6,8] description.
As promised in section 2, we also reconsider here the deformation of complex struc-
ture that occurs in the theory with four doublets. In particular, we reproduce the effective
interaction in (2.27) by integrating out the massive fields in the linear sigma model with
superpotential W = Σ(M∧M − Λ4) which describes the deformation. Since this compu-
tation is exactly the same in spirit as our classical computation in the Seiberg dual of the
theory with six doublets, we describe both computations together.
The Seiberg dual of SU(2) SQCD with six doublets is distinguished by the fact that
the dual gauge group is trivial, and hence this theory is especially simple. In particular,
the elementary degrees of freedom in the dual theory are described entirely by the mesonic
fields M ij , with Wess-Zumino action
S =
1
µ2
∫
d4x d4θ MM +
∫
d4x d2θ Λ−3M∧M∧M + c.c. (4.17)
We have included the canonical kinetic terms in S, with an arbitrary scale µ that appears
so that, by convention, M has dimension two. Using a different kinetic term for M would
not affect the computation of F -terms.
The cubic superpotential plays an interesting role in this theory. As shown by Seiberg
[6], this potential appears nonperturbatively in the electric theory, but in the dual theory
it arises at tree level. In either case, the F -term equations which follow from this super-
potential are simply the classical Plu¨cker relations M∧M = 0 that enforce the condition
rank(M) ≤ 2, which is necessary to describe M.
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In the special case n = 3, the multi-fermion F -term in (3.13) takes the explicit form
δS =
1
µ4
∫
d4x d2θ Λ3 (MM)−3 ǫi1j1i2j2i3j3 M i1j1 ×
× (MklDM i2k ·DM lj2) (Mk′l′ DM i3k′ ·DM l′j3) . (4.18)
We will generate this effective interaction in the most naive way possible. We simply
observe that, when we expand the Wess-Zumino model around a generic point on M, the
cubic superpotential induces a mass for some components of M . We then integrate out
these massive modes at tree level in a Feynman diagram computation to generate (4.18).
At this point, one might immediately protest that we are making the quixotic proposal
to generate an F -term in perturbation theory and in blatant violation of standard non-
renormalization theorems. However, these non-renormalization theorems have only been
considered for conventional F -terms which describe superpotentials, and the multi-fermion
F -terms we consider evade them in an interesting way.
The essential point here is that the multi-fermion F -terms arise from cohomology
classes onM. Whenever we perform a perturbative computation around some vacuum on
M, we are only working in a small neighborhood of that point, and in that neighborhood
any operator Oω which represents a positive degree cohomology class of Qα˙ becomes Qα˙-
trivial. As a result, though globally on M the multi-fermion F -terms cannot be written
as D-terms, they can be written as D-terms if we expand in fluctuations around a given
vacuum. These D-terms can then be directly generated in perturbation theory.
As a simple and highly relevant example, we consider the F -term at hand in (4.18).
We expand (4.18) around some point with 〈M ij〉 6= 0. With no loss of generality, we can
assume that the only nonzero component of 〈M ij〉 is 〈M12〉. In expanding around this
particular vacuum, we apply our standard convention that c, d, e, f refer to indices 1, 2,
s, t, u, v refer to indices 3, . . . , 6, and i, j, k, l run over all indices 1, . . . , 6. From (4.18), we
generate a series of interactions among the fluctuating fields δM , one interaction being
δS =
1
µ4
∫
d4xd2θ Λ3 〈MM〉−3 〈M12〉×
× ǫs1t1s2t2 (δM cdDδM s1c ·D δMdt1) (δM ef D δMs2e ·DδMft2) .
(4.19)
Of course, the effective fermion interaction (4.5) which we considered in the instanton
computation is one of the terms that arises from (4.19).
30
By definition, if δM ij is massless, then the basic equation of motion (2.36) for δM ij
takes the form D
2
δM ij = O(δM2). Since only massless fluctuations appear in the effec-
tive interaction (4.19), we can immediately integrate this F -term into a D-term at leading
order,
δS =
1
µ4
∫
d4x d4θ Λ3 〈MM〉−3 〈M12〉×
× ǫs1t1s2t2 (δM cd δMs1c δMdt1) (δM ef D δM s2e ·D δMft2) . (4.20)
We have used the fact that to this order, two D’s cannot act on the same δM , and none
can act on δM .
In the case of the theory with n = 2, the same observations imply that the analogous
part of the F -term in (2.27) can be rewritten locally as the simple D-term below,
δS =
1
µ2
∫
d4x d4θ Λ4 〈MM〉−1 ǫcdǫst δM scδMdt . (4.21)
Here again we expand around a vacuum in which the nonvanishing part of 〈M〉 is 〈M12〉,
and c, d = 1, 2 while s, t = 3, 4.
Thus, the appearance of these unusual F -terms is signaled by the perturbative ap-
pearance of the D-terms in (4.20) and (4.21), which we must now compute. As in the
instanton computation, we could compute some particular component of this superspace
interaction. However, we are in a situation perfectly suited for a manifestly supersymmetric
computation using the formalism of super Feynman diagrams.
Evaluating a Super Feynman Diagram
We will not review here the basic derivation of Feynman rules in superspace, for which
we recommend section 6.3 of [22]. In general, superspace Feynman rules can be derived by
standard path integral manipulations just as for ordinary Feynman rules, and for the sake
of brevity we will only state the super Feynman rules that we need for our very simple,
tree-level computations.
In the case of the theory with 2n = 6, we begin by expanding the tree-level Wess-
Zumino action in fluctuations δM about the vacuum, so that
S =
1
µ2
∫
d4x d4θ δMδM +
∫
d4x d2θ (3λ 〈M〉∧δM∧δM + λ δM∧δM∧δM) + c.c.,
(4.22)
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where for convenience we introduce the abbreviation
λ ≡ Λ−3 . (4.23)
We will not be concerned with constants here, and we simply absorb the numerical factor
of 3 in (4.22) into 〈M〉. We will also suppress the appearance of the mass scale µ in all
expressions that follow, since its appearance is trivially fixed at the end of the computation
by dimensional analysis.
Of course, we similarly expand the sigma model action in the theory with n = 2,
S =
1
µ2
∫
d4x d4θ δMδM +
∫
d4x d2θ (2 〈M〉∧δM δΣ + δM∧δM δΣ − ε δΣ)+ c.c.+ · · · ,
(4.24)
where the ellipses indicate kinetic terms and a mass term for the fluctuations of the aux-
iliary field Σ. As above, we ignore constants, and we abbreviate
ε ≡ Λ4 . (4.25)
The most important terms in (4.24) for our computation are simply the linear source term
for δΣ which represents the deformation as well as the mass term mixing δM and δΣ.
Propagators
In the vacuum with only 〈M12〉 6= 0, we want to get an effective interaction for the
massless fields by integrating out the massive fields M st, s, t = 3, . . . , 2n.
These fields have standard superspace propagators, which may be either chiral or
non-chiral. We indicate these propagators below, in the theory with n = 3,
δMst ————— δM
uv = δuvst /
(
p2 + λλ〈MM〉) ,
δM st
D2
– – – – – – δMuv = λ 〈M12〉 ǫstuvD2 / p2
(
p2 + λλ〈MM〉) ,
δMst
D
2
– – – – – – δMuv = λ 〈M12〉 ǫstuvD2 / p2
(
p2 + λλ〈MM〉) .
(4.26)
In writing the non-chiral propagator, we use the standard notation δuvst = δ
u
s δ
v
t − δut δvs .
We have also suppressed a superspace delta function δ4(θ − θ′) which accompanies these
propagators. Finally, we note the superspace derivatives D2 and D
2
which appear in
the chiral and anti-chiral propagators. These factors arise ubiquitously in supergraph
computations when chiral integrals over half of superspace are rewritten as non-chiral
integrals over the full superspace.
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In the theory with n = 2, similar propagators appear for the appropriate linear com-
binations of δΣ and δM , for which the mass squared is again proportional5 to 〈MM〉.
Vertices
In the theory with n = 3, the cubic superpotential gives rise to cubic vertices for
chiral and anti-chiral interactions, as we distinguish in Figure 1. We have written these
interactions in an SU(6) symmetric fashion, though of course each chiral and anti-chiral
vertex decomposes under the unbroken SU(2)× SU(4) symmetry to give various interac-
tions between the massive and massless components of M , which we leave implicit. Each
superspace vertex comes with a factor of
∫
d4θ, and the delta functions from the prop-
agators simply ensure that the overall diagram has precisely one factor of
∫
d4θ, as we
expect.
i j k l
m n
= λ ǫijklmn ,
i j k l
m n
= λ ǫijklmn .
Figure 1. Vertices for n = 3
In the corresponding theory with n = 2, we require a similar cubic vertex arising from
the interaction δM∧δM δΣ as well as the chiral source term ε δΣ, as shown in Figure 2.
Again, we leave the obvious decomposition under SU(2)× SU(2) implicit.
Last, we recall the rule that if a chiral vertex has N internal legs (external legs don’t
count), then N−1 of those legs appear with a factor ofD2 attached. Briefly, if J(x, θ) is the
chiral source introduced as usual to derive Feynman rules, then the functional derivative
of J satisfies δJ(x, θ)/δJ(x′, θ′) = D2 δ4(x−x′) δ4(θ−θ′). So N factors of D2 appear from
these derivatives, but one factor of D2 is used to write
∫
d2θD2 =
∫
d4θ, as mentioned
above.
5 If a separate mass term mΣ2 for Σ is also present, this statement remains true in the classical
limit that 〈MM〉 is large.
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k li j
δΣ
= ǫijkl ,
δΣ = ε .
Figure 2. Vertices for n = 2
With these rules in hand, we can immediately generate the interactions in (4.20) and
(4.21). First, in the simpler case of n = 2, we immediately evaluate the simple diagram in
Figure 3 at zero momentum to produce the effective interaction∫
d4x d4θ ǫcdǫst δM scδMdt
ε
〈MM〉 , (4.27)
as in (4.21).
εδΣ
s c
t d
Figure 3. Two-point super Feynman diagram
For the theory with n = 3, we consider the slightly more involved diagram in Figure
4. We note that the D2 operator in this diagram arises from the central chiral propagator,
and the two D2 operators arise from the two chiral vertices.
At first sight, one might worry about the spurious pole at zero momentum that appears
to arise from the extra factor of p2 appearing in the central chiral propagator, as in (4.26).
Physically, since we only integrate out massive fields, we do not expect to find any pole at
zero momentum.
However, we can integrate by parts to move one of the D2 operators onto the central
chiral propagator to form D2D2. Since D2D2 = p2 when acting on a chiral field, this factor
of D2D2 cancels against the extra factor of p2 in the denominator of the chiral propagator.
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D2D2
1t d1
t d22
11 2 2e ef fs c
cs2 2
1 1
Figure 4. Six-point super Feynman diagram
Thus, the diagram is well defined in the limit of zero momentum, and we evaluate it in
this limit to reproduce the D-term (4.20). We also note that once we cancel the factor of
D2D2, we are left with only one factor of D2, which acts on the external anti-chiral legs
just as in the interaction (4.20).
So at zero momentum, the remainder of our computation is a trivial matter of algebra.
We find that this diagram produces the effective interaction∫
d4xd4θ δM s1c1 δM s2c2
(
DδM t1d1 ·DδM t2d2
)
δM e1f1 δM e2f2×
× λ ǫ
c1c2ǫs1s2uv
λλ 〈MM〉 · λ ǫuvu′v′ǫe1f1 ·
λ ǫu
′v′wx〈M12〉
λλ 〈MM〉 · λ ǫwxw′x′ǫe2f2 ·
λ ǫw
′x′t1t2ǫd1d2
λλ 〈MM〉 .
(4.28)
The tensor on the second line of (4.28) is then proportional to
λ−1 〈MM〉−3 〈M12〉 δc1c2e1f1 δd1d2e2f2 ǫs1s2t1t2 , (4.29)
which has precisely the form required to produce the F -term. The λ’s have happily can-
celed, ensuring the requisite holomorphy.
N. Seiberg pointed out the following interpretation of the 1/λ factor. As the meson
superfield M has dimension two in the classical theory, the superpotential interaction
proportional to
∫
d4x d2θM ∧M ∧M must on dimensional grounds be interpreted in the
underlying SQCD theory as
∫
d4x d2θΛ−3M ∧M ∧M . Thus, what we have called λ is a
multiple of Λ−3 in SQCD, as in (4.23). Hence the multi-fermion F -term interaction, being
proportional to λ−1 in the Seiberg dual description, is proportional to Λ3 in the original
SQCD description. Λ3 is the standard instanton factor for SU(2) with six doublets, and
the direct instanton computation of section 4.1 did, accordingly, give a result proportional
to Λ3.
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4.3. Mass Deformation And Renormalization Group Flow
For our final computation, we perturb SU(2) SQCD with 2n massless doublets by
adding a tree-level superpotential which gives a mass to some of the n flavors,
W = mij M
ij . (4.30)
As usual, we assign charges to the mass parameters mij under the symmetries of the
massless theory so that W is formally invariant,
SU(2) SU(2n) U(1)A U(1)R
mij 1 ∧2
(
2n
) −2 −2 (1− 2n) . (4.31)
The whole computation will be performed on B.
As we observed in general in section 2.3, the tree-level superpotential alters the on-
shell supersymmetry algebra of the theory. Consequently, the operator Oω ≡ O(n)ω in
(3.13) which is chiral in SQCD with 2n massless doublets is no longer chiral when some of
those doublets become massive.
Physically, we expect that there is instead some deformation O˜ω of this operator,
depending holomorphically onmij , which is chiral in the massive theory and which reduces
to O(n)ω upon setting mij to zero.
On the other hand, if we give very large masses to k of the flavors and integrate
them out, we also expect that O˜ω must reduce to the operator O(n−k)ω appropriate for the
massless theory with n − k flavors. In particular, upon integrating out all but one flavor,
O˜ω should reproduce the well known nonperturbative superpotential,
W =
Λ5
M
. (4.32)
HereM =M12 is the only independent component of the 2×2 antisymmetric matrixM ij.
We now compute O˜ω, which will be uniquely determined from O(n)ω by supersymmetry
and will have the properties above. Since we know already from the work of [1] that the
superpotential (4.32) is generated, we will thus show that the F -term involving O(n)ω is
generated in the massless theory with n flavors. Finally, we remark that this sort of
analysis extends, at least in spirit, directly to the general case of SU(Nc) SQCD with
Nf > Nc flavors and might be successfully applied there.
As before, we useM to denote the moduli space of the massless theory, and we recall
that M is a complex cone over the Grassmannian B = SU(2n)/S(U(2) × U(2n − 2)).
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Then our problem of constructing O˜ω is equivalent to the geometric problem of finding a
tensor ω˜, which is generally an inhomogeneous sum of sections of Ω
p
M⊗∧pTM for various
p, such that ω˜ satisfies the supersymmetry condition,
(
∂ + ιdW
)
ω˜ = 0 , (4.33)
and in the massless limit reduces to our former tensor ω.
Preliminaries
As in section 3, the important analysis of ω˜ is the local analysis on B near the point
corresponding to M ij = ǫ̂ij . However, we first find it useful to revisit our construction of
the simpler tensor ω in greater detail and in a manner which immediately generalizes to
the construction of ω˜.
Let us recall our construction of ω in section 3. We begin by picking a point P on B, for
concreteness corresponding to the point M ij = ǫ̂ij onM. Since the M ij are homogeneous
coordinates on B, we can use the scaling symmetry to setM12 = 1. Then we take complex
coordinates on B (in a neighborhood of the point P ) to be simply the off-diagonal matrix
elements φsc = ǫcdM
sd, c = 1, 2, s = 3, . . . , 2n. They transform as in (3.5) under the action
of the unbroken S(U(2) × U(2n − 2)) symmetry group at P . The matrix elements M ij,
i, j > 2, are determined in terms of the φsc by the equation M ∧M = 0. We will not need
the explicit form of these matrix elements; the only important fact is that they are of order
(φsc)
2.
In (3.13), we determined the form of the multi-fermion F -term:
Oω = Λ6−n
(
MM
)−n
ǫi1j1···injn M i1j1 Oi2j2 · · ·Oinjn , (4.34)
where
Oij ≡ MklDM ik ·DM lj , MM = 1
2
M ijM
ij . (4.35)
In that discussion, we used an argument based on symmetries to prove that ∂ω = 0. As a
prelude to including the superpotential deformation, we will here demonstrate this more
explicitly.
Since ω is invariant under the action of SU(2n) on the homogeneous space B, it
suffices to show that ∂ω = 0 at the point P . As ∂ is a first order differential operator, to
evaluate ∂ω at P , it suffices to describe ω near P to within terms of order φ2. This leads
to drastic simplification. For example, MM = 1 +O(φ2), so we can simply set MM = 1.
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Furthermore, examination of (4.34) and (4.35) shows that up to terms of order φ2, we
can replace the explicit factor of M i1j1 in (4.34) by ǫ̂i1j1 , so that all factors of Oikjk have
ik, jk > 2. Further, for ik, jk > 2, we can take Oikjk = ǫcdDM ikc · DMdjk , again up to
terms of order φ2. The net effect is that, up φ2 terms,
ω = ǫs1t1s2t2...sntn
(
ǫc1d1dφ
c1
s1
∂
∂φt1d1
)
· · ·
(
ǫcndndφ
cn
sn
∂
∂φtndn
)
. (4.36)
Now the fact that ∂ω = 0 at P is completely obvious: all terms in ω have constant
coefficients (up to terms of order φ2 that have been dropped), so there is nothing that the
derivatives in ∂ can act on.
The benefit of this approach is that we can now conveniently understand the gener-
alization with the superpotential turned on. We claim that the generalization of Oω is
simply
O˜ω = Λ6−n
(
MM
)−n
ǫi1j1···injn M i1j1 O˜i2j2 · · · O˜injn ,
O˜ij ≡ MklDM ik ·DM lj −
(
MM
)
mij .
(4.37)
This certainly reduces to Oω at m = 0; we just have to prove that it is chiral. In other
words, we need to show that the object ω˜, obtained from ω by replacing each Oij by O˜ij ,
is annihilated by ∂ + ιdW . It suffices to do the computation at the point P ∈ B with
M ij = ǫ̂ij since, as we will make no particular assumption about the form of the mass
matrix mij , the computation would proceed in the same way at any other point.
So as before, we want to write out a simple formula for ω˜ that is valid near P to within
an error of order φ2. The same reasoning applies as before: the explicit factors of M i1j1
in O˜ω and of Mkl in O˜ij can be replaced by ǫ̂i1j1 and ǫ̂kl. Since in O˜ij , the indices i, j
are then in the range 3, . . . , 2n the mass matrix mij can be replaced by µij , its orthogonal
projection onto the part with i, j > 2. We write Π for the projector onto components of
m with i, j > 2 and will describe Π more explicitly momentarily.
The upshot is that up to terms of order φ2, ω˜ is described near P by a simple gener-
alization of (4.36),
ω˜ = ǫs1t1···sptp ω˜s1t1 · · · ω˜sptp , p = n− 1 ,
ω˜st = ǫcd
(
dφcs
∂
∂φtd
+
∂
∂φsc
dφdt
)
− µst .
(4.38)
The virtue of factorizing ω˜ in this way is as we will see each factor ω˜siti is separately
annihilated by ∂+ ιdW . Also, in the expression for ω˜st in the second line of (4.38), we have
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explicitly indicated the two terms that arise from the contraction of spinor indices on Dα˙
in (4.37), since we will try to be careful about factors of two in the following.
Let us first evaluate ιdW (ω˜st). The contraction operator ιdW trivially annihilates µst
(because the latter is a zero-form). As W = mijM
ij, we have dW = mijdM
ij. So the
effect of contraction with dW is just to map ∂/∂φsc to µ
c
s, the projection of the mass matrix
m to terms that transform like ∂/∂φsc (in other words, as (2, 2n− 2)) under the subgroup
of the symmetry group that leaves fixed the point P ∈ B. Hence we have
ιdW ω˜st = ǫcd
(
dφcs µ
d
t + µ
c
s dφ
d
t
)
. (4.39)
It remains to evaluate ∂(−µst). This is nonzero because of the projection in the
definition of µst. As we will show,
∂µst = ǫcd
(
dφcs µ
d
t + µ
c
s dφ
d
t
)
. (4.40)
From (4.39) and (4.40), we then see directly that ∂ + ιdW annihilates ω˜st and hence ω˜ at
the point P on B.
To derive the formula (4.40) for ∂µst, we begin by considering the projection Π of the
mass matrix m onto its components which transform in the representation ∧2 (2n− 2).
We can directly write a global formula for this projection,
Π(m)ij = mij +
(
MM
)−1 (
mikM
klM lj −mjkMklM li
)
+
+
(
MM
)−2 (
M ikM
klmlpM
pqMqj
)
.
(4.41)
Upon substituting M ij = ǫ̂ij and using repeatedly that ǫ̂klǫ̂lj = −δ̂kj (explaining the signs
above), one can check that the second and third terms of (4.41) subtract the components
of m transforming in the representations 1 and (2, 2n− 2) under SU(2)× SU(2n− 2) at
P , leaving only the components in ∧2 (2n− 2). Since the formula (4.41) for Π is invariant,
it is correct globally on B.
Because the action of ∂ commutes with pullback, we can now act with ∂ directly on
(4.41) as an unconstrained expression in the ambient vector space (or projective space)
parametrized byM ij. We then pull this expression back toM by dropping all terms which
involve the one-forms dM ij with both indices i, j > 2.
To evaluate ∂µ at φ = 0, we can discard all terms proportional to φ, and in particular
to components M ij or M ij with i or j bigger than 2. Terms that survive at φ = 0 only
arise from the action of ∂ on the second term of (4.41), with the expression(
MM
)−1 (
mikM
kldM lj −mjkMkldM li
)
, i, j > 2 . (4.42)
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From this global expression (4.42) we immediately deduce the local formula (4.40) upon
setting M ij = ǫ̂ij and identifying mikM
kldM lj as representing locally ǫcd µ
c
s dφ
d
t at P . We
remark that the relative sign between the two terms in (4.40) and (4.42) arises from a
rearrangement of flavor indices in passing from (4.42) to (4.40).
Finally, although we have thus far only considered the special case that W = mijM
ij,
if we now consider the case of a general superpotential deformation of SQCD, then our
construction of ω˜ immediately generalizes upon substituting everywhere ∂W/∂M ij formij .
The only important property of m which we used was the fact that it is annihilated by ∂,
which is always true for dW .
Renormalization Group Flow
To conclude, we consider how O˜ω in (4.37) behaves under renormalization group flow.
If we expand O˜ω as a polynomial in m, then the term of degree k in m is given by
O(n−k)ω = (−1)k
(
n− 1
k
)
Λ6−n
(
MM
)−(n−k)
ǫi1j1···injn×
× M i1j1 mi2j2 · · ·mik+1jk+1 Oik+2jk+2 · · ·Oinjn ,
Oij ≡ MklDM ik ·DM lj .
(4.43)
This operator O(n−k)ω has the same form as the operator in (3.13) which appears in the
theory with n− k massless flavors.
We consider the limit in which k flavors have masses m ≫ Λ. To integrate out these
flavors, we restrict to the sublocus of M describing supersymmetric vacua in the massive
theory, so that mikM
kj = 0 for all i, j (as follows from the F -term equations), and we
simply omit from the operator O˜ω any terms which involve the heavy quarks. The operator
to which O˜ω flows in the infrared is thus O(n−k)ω in (4.43).
In particular, we can consider flowing to the theory with only one flavor. The operator
to which O˜ω flows is then given by
O(1)ω = (−1)(n−1) Λ6−n
(
MM
)−1
ǫi1j1···injn M i1j1 mi2j2 · · ·minjn . (4.44)
As we see, O(1)ω involves no fermions at all and represents a function on M. Of course,
this function is not holomorphic on all of M.
However, if we restrict O(1)ω to the sublocus of M describing supersymmetric vacua,
then O(1)ω is holomorphic. Indeed, this locus can be described by a single massless meson
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M , so the matrix structure disappears and M cancels out. On this locus, O(1)ω can be
written in terms of M as
O(1)ω = (−1)(n−1) Λ6−n ǫi1j1···in−1jn−1 mi1j1 · · ·min−1jn−1
2
M
. (4.45)
In this expression, the Pfaffian of the rank 2(n−1) minor of m appears, and an extra factor
of two arises from the contraction of indices of M i1j1 . So, once ultraviolet and infrared
scales are matched, O(1)ω reproduces the nonperturbative superpotential in (4.32).
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